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approach to gapless 1D quantum liquids; see Refs. [46,54]90

for recent reviews. The basic reason for the failure of linear91

Luttinger liquid theory is that at finite energies the running92

coupling constants of irrelevant perturbations such as band93

curvature terms are in fact different from zero. Taking them94

into account in perturbation theory leads to infrared singulari-95

ties. These need to be resummed to all orders in the coupling96

constants, which gives rise to new, momentum-dependent97

exponents in response functions.98

A key ingredient of the nLL method is the identification99

of quasiparticles describing excited states both at high and at100

low energies. This is straightforward for spinless fermions,101

because the quasiparticles are adiabatically connected to free102

fermions [45]. The spinful case is considerably more involved103

due to the onset of spin-charge separation for arbitrarily104

weak interactions and the concomitant qualitative change105

in the nature of the elementary excitations compared to the106

noninteracting limit. It was realized in Refs. [49–52] that in107

many important cases exact results can be obtained by using108

a phenomenological model of weakly interacting fermionic109

holons and spinons, whose dispersions delineate the edges110

of the support of the dynamical response function under111

consideration. By construction, these excitations are different112

from the true elementary excitations in the Hubbard model.113

In particular, they carry different spin and charge quantum114

numbers. It is then an obvious but crucial question how to115

reconcile this approach with the exact solution of integrable116

models like the Hubbard chain.117

In this work, we develop a new approach to deriving118

mobile impurity models for studying dynamical correlations119

in gapless models of spinful fermions. We first carry out a120

direct construction of the “physical” holon and spinon fields121

in the limit of weak electron-electron interactions. This results122

in a representation of spinful nonlinear Luttinger liquids in123

terms of strongly interacting holons and spinons, which is in124

direct accord with known results obtained in integrable cases.125

Recalling that the spinless fermion case was best understood126

by considering weak interactions, we address the construction127

of a microscopic model of interacting electrons giving rise to a128

theory of noninteracting fermionic holons and spinons at low129

energies, but in presence of spectral nonlinearities. We then130

derive mobile impurity models to analyze dynamical response131

functions in our formulation. We demonstrate explicitly how to132

recover results obtained previously by means of the approach133

of Refs. [51,52]. Finally, we address the question how to134

realize a lattice model of interacting electrons that gives rise135

to noninteracting holons and spinons at low energies.136

II. SPINLESS FERMIONS137

Before we approach the problem of defining quasiparticles138

for spin-1/2 fermions, it is instructive to review the case of139

spinless fermions. For concreteness, consider the simplest140

lattice model of interacting spinless fermions:141

H = !t

L!

j=1

(c†j cj+1 + H.c.) + V
!

j

njnj+1. (2)

Here, cj is the annihilation operator for a fermion at site j ,142

nj = c
†
j cj is the number operator, t is the hopping parameter,143

and V is the nearest-neighbor interaction strength. This model 144

has a U(1) symmetry, cj " ei!cj , ! # R, associated with 145

conservation of the total number of fermions N . Moreover, the 146

model is integrable and the exact spectrum for arbitrary values 147

of V can be calculated from the Bethe ansatz solution [57,58]. 148

There is a gapless phase extending between !2 < V ! 2. 149

At V = 2 the model is equivalent to the SU(2)-symmetric 150

Heisenberg spin chain [57]. 151

A useful starting point for analytical approximations is the 152

noninteracting model with V = 0. In this case, the elementary 153

excitations are free fermions with dispersion relation "0(k) = 154

!2t cos k ! µ measured from the Fermi energy µ. Low- 155

energy excitations are particles and holes with momentum 156

close to the Fermi points, k $ ±kF . The Fermi momentum is 157

related to the average density by kF = #N/(La0), where a0 is 158

the lattice spacing. 159

At weak coupling, V/t % 1, standard bosonization can be 160

used to derive an effective low-energy theory for model (2), 161

see, e.g., Refs. [25,26,59]. One starts by taking the continuum 162

limit and projecting the fermionic field onto states with 163

momentum near the Fermi points. This leads to the right- 164

and left-moving components in the mode expansion: 165

cj " &
a0[eikF xR(x) + e!ikF xL(x)]. (3)

The effective Hamiltonian in terms of R and L fermions reads 166

H =
"

dx[!v'R†i$xR + v'L†i$xL

+gR†RL†L + Hirr(x)], (4)

where all operators are normal ordered with respect to the non- 167

interacting Dirac sea. To first order in V , we have the param- 168

eters v' $ 2ta0 sin kF (1 + V
# t

sin kF ) and g $ 4V a0 sin2 kF . 169

The coupling constant g is the only marginal interaction. The 170

term Hirr(x) contains nonlinear dispersion terms and other 171

interactions which are irrelevant in the renormalization group 172

(RG) sense. In the standard Luttinger liquid approach, this term 173

is dropped, which corresponds to linearizing the dispersion 174

around the Fermi points ±kF . 175

The bosonization formula for chiral spinless fermions reads 176

R(x) = %&
2#

e
! i&

2
&(x)

, (5)

L(x) = %̄&
2#

e
i&
2
&̄(x)

, (6)

where %,%̄ are Majorana fermions and &(x),&̄(x) are chiral 177

bosons that obey the commutation relations 178

[&(x),&̄(y)] = 0, (7)

[&(x),&(y)] = 2# isgn(x ! y) = ![&̄(x),&̄(y)]. (8)
Throughout this paper we use “CFT normalizations” for 179

bosonic vertex operators: 180

(ei!&(x)e!i!&(y)) = 1
(x ! y)2!2 . (9)

A consequence of employing these conventions is that vertex 181

operators are dimensionful: 182

dim(ei!&(x)) = length!!2
. (10)
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We also define the canonical bosonic field !(x) and its dual183

"(x) by184

!(x) = #(x) + #̄(x), (11)

"(x) = #(x) ! #̄(x), (12)
which obey185

[!(x),"(x ")] = 4$ isgn(x ! x "). (13)

Bosonization of Eq. (4) then leads to the Hamiltonian186

H =
!

dx[HLL(x) + Hirr(x)]. (14)

The first term,187

HLL(x) = v

16$

"
K(%x")2 + 1

K
(%x!)2

#
, (15)

is the Luttinger model. The velocity v and the Luttinger188

parameter K are given to first order in V by v # v" and K #189

1 ! V
$ t

sin kF . The bosonic fields describe the collective low-190

energy density mode of the quantum fluid. The uniform part191

of the density operator is related to !(x) by the bosonization192

relation193

Q(x) = R†(x)R(x) + L†(x)L(x) $ ! 1

$
%

8
%x!(x). (16)

The total charge operator is given by the integral194

q =
! +&

!&
dx Q(x). (17)

Thus, an elementary excitation with charge q = 1 corresponds195

to a kink of amplitude $
%

8 in the bosonic field !(x). As is196

well known, the model in Eq. (15) correctly captures the long-197

distance asymptotic decay of correlation functions for any 1D198

system in the Luttinger liquid universality class [25–27].199

The limitations of Luttinger liquid theory appear when200

one considers dynamical response functions at small but201

finite frequency and momentum. At finite energy scales, it202

becomes necessary to take the irrelevant perturbations Hirr to203

the Luttinger model into account. At weak coupling and in the204

absence of particle-hole symmetry (i.e., away from half-filling205

in the lattice model), the leading corrections in Eq. (4) are the206

dimension-three operators207

Hirr = ! 1
2m̃

$
R†%2

xR + L†%2
xL

%

+ g3(R†RL†i%xL ! L†LR†i%xR + H.c.). (18)

Here, we have introduced m̃!1 # m!1 + V a2
0

$
sin 2kF , with208

m!1 = 2ta2
0 cos kF the inverse free fermion mass, and g3 #209

V a2
0 sin 2kF . Bosonizing these irrelevant terms we obtain cubic210

boson-boson interactions211

Hirr = &+
3 %x![(%x!)2 + (%x")2]

+ &!
3 %x![(%x!)2 ! (%x")2], (19)

with &+
3 # ! 1

48
%

2$
( 1
m

+ g3
$

) and &!
3 # 1

96
%

2$
( 1
m

! 2g3
$

). While212

the bosonic representation allows one to take the marginal213

interaction g into account exactly, perturbation theory in214

the nonlinear boson interactions (19) suffers from infrared215

divergences [34,46]. The latter are associated with the huge 216

degeneracy of states in the linear dispersion approximation: 217

all states with an arbitrary number of bosons moving in 218

the same direction carrying the same total momentum are 219

degenerate [34,46]. 220

A way to circumvent these difficulties in analyzing the non- 221

linear bosonic theory is suggested by reverting to the fermionic 222

representation (18). At the free fermion point, the irrelevant 223

interaction vanishes, g3 = 0, and one is left with the quadratic 224

dispersion term with effective mass m. Taking the nonlinear 225

dispersion into account in the free fermion model removes 226

the degeneracy of particle-hole pairs that carry the same total 227

momentum. One can then approach the problem from free 228

fermions with nonlinear dispersion and include interactions 229

perturbatively [28]. This approach reveals that the most 230

pronounced effect of the interactions is to give rise to power- 231

law singularities at the edges of the excitation spectrum. While 232

a complete analytical solution of model (4) taking into account 233

both band curvature and interaction is highly nontrivial, the 234

edge singularities can be described by an effective impurity 235

model in analogy with the x-ray edge problem [28,60]. 236

Consider, for instance, the single-fermion spectral function 237

A(',k) = ! 1
$

Im Gret(',k), (20)

where 238

Gret(',k) = !i

! &

0
dt ei't

&

l

e!ikla0'(0|{cj+l(t),c
†
j }|(0(

(21)

is the retarded Green’s function, with |(0( the exact ground 239

state. We can separate the negative- and positive-frequency 240

parts of the spectral function: 241

A(',k) = A<(',k) + A>(',k). (22)

The Lehmann representation reads 242

A<(',k) = 2$
&

n

|'(n|ck|(0(|2)(' + En ! E0), (23)

A>(',k) = 2$
&

n

|'(n|c†k|(0(|2)(' ! En + E0), (24)

where ck annihilates a fermion with momentum k and |(n( 243

denotes an exact eigenstate of the Hamiltonian with energy 244

En. Let us focus on the negative-frequency part for k < kF . 245

For free fermions, we have A(0)
< (',k) = )(' ! *0(k)), where 246

*0(k) < 0 is the energy of the particle annihilated below the 247

Fermi surface. When weak interactions are turned on, the 248

renormalized fermion dispersion *(k) becomes a threshold of 249

the support of A<(',k), such that a power-law singularity 250

develops for ' < *(k). To describe the edge singularity for 251

fixed k < kF , we go back to the mode expansion in Eq. (3) and 252

generalize it to include three patches of momentum: 253

cj ) %
a0[eikF xr(x) + e!ikF x l(x) + eikx+ †(x)], (25)

Here the “impurity field” + †(x) creates a hole in a state with 254

momentum close to k, within a subband of width , * kF ! k. 255

The low-energy Fermi fields r(x) and l(x) are also defined 256

with a cutoff of order ,. In the case q = kF ! k * kF , the 257

field l(x) can be regarded as the projection of L(x) into 258
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Projection to low-energy degrees of freedom:

lattice spacing

Haldane ’82

Ground state correlation functions for XXZ:

Perturbation theory in Sirr[Φ] gives excellent agreement 

with the lattice model result (even for ℓ=1) ! Lukyanov ’97

(analogous expressions for spin operators in XXZ)



B. Dynamical correlation functions
e.g. single-particle spectral function:

Map this to a LL for ω≈0 (⇒k≈±kF):
6

FIG. 2 (Color online) Spectral function A(k ⇡ k

F

, ") for
a Luttinger liquid (LL) with linearized spectrum. Left:
A(k, ") vanishes in the white regions. Right: A(k, ") for
fixed k / k

F

. Interactions cause a power-law divergence
at the mass shell " ⇡ v(k � k

F

) with exponent µ� =
1 �

�
K +K

�1 � 2
�
/4. A convergent power-law cusp with

exponent µ+ = �
�
K +K

�1 � 2
�
/4 emerges at the inverted

mass shell " ⇡ �v(k � k

F

).

tion A(k, "). The latter is defined as

A(k, ") = � 1

⇡
ImG(k, ")sign" (4)

with the Green’s function (Abrikosov et al., 1963)

G(k, ") = �i

Z 1

�1
dt

Z 1

�1
dxei("t�kx)hT [ (x, t) †(0, 0)]i.

(5)
Here  (x, t) and  †(x, t) are the particle (fermion or bo-
son) annihilation and creation operators, respectively, T
denotes the time ordering, and the energy " is measured
from the chemical potential.

The spectral function may be thought of as a tunnel-
ing density of states: the probability for a particle (hole)
with given momentum k and energy " > 0 (" < 0) to
tunnel into a system is proportional to A(k, "). It can be
measured using ARPES (Kim et al., 2006; Kondo et al.,
2010; Wang et al., 2009, 2006) for solid state systems or
photoemission spectroscopy (Gaebler et al., 2010; Stew-
art et al., 2008) for low-dimensional ultracold atomic sys-
tems (Görlitz et al., 2001; Kinoshita et al., 2004, 2006;
Paredes et al., 2004). It also determines electronic trans-
port in systems with momentum and energy conserving
tunneling (Auslaender et al., 2005, 2002; Barak et al.,
2010; Jompol et al., 2009). In the absence of interactions,
a particle with a given momentum may tunnel only if its
energy fits the dispersion relation of the particles consti-
tuting the system, A

0

(k, ") = �["�⇠(k)]. The right-hand
side here is the density of single-particle eigenstates with
given energy and momentum.

Before considering the e↵ects of a nonlinear disper-
sion, let us recall the behavior of A(k, ") in a fermionic
LL. In the absence of interactions, the tunneling den-
sity of states for, say, right-movers is A(k, ") = �[" �
v(k � kF )]. Interactions between the particles forming
the LL broaden the spectrum of energies at which tun-
neling is possible. In the vicinity of the Fermi point

(a) (b)

FIG. 3 (Color online) (a) An incoming particle with momen-
tum k ⇡ k

F

and energy above the mass shell can tunnel into
the system by creating a particle with momentum near k

F

on the mass shell and a low-energy particle-hole pair near the
opposite Fermi point. (b) If the spectrum is curved, an in-
coming particle with momentum k ' k

F

and energy below the
mass shell can tunnel into the system by creating a particle on
mass shell and a low-energy particle-hole pair near the same
Fermi point.

+kF one has (Luther and Peschel, 1974; Meden and
Schönhammer, 1992; Voit, 1993a,b, 1995)

A(k, ") / sign(")
✓["2 � v2(k � kF )2]

"� v(k � kF )

⇥ ⇥

"2 � v2(k � kF )
2

⇤

1
4 (K+

1
K

)� 1
2 . (6)

The shape of A(k, ") for a linear LL is shown in Fig. 2.
Here, the LL parameter K depends on the interaction
strength (K < 1 for repulsion); free fermions correspond
to the limit K ! 1. The delta-function in the tunneling
density of states of free particles got transformed into
a power-law, divergent at the line " = v(k � kF ) if the
interaction is not too strong, see Eq. (6). Note that an
important feature of the linear LL result is the particle-
hole symmetry under the transformation

" ! �",

(k � kF ) ! �(k � kF ), (7)

which is a necessary consequence of the spectrum lin-
earization.
The nonzero values of A(k, ") outside the line " = v(k�

kF ) may be understood within the perturbation theory
if one invokes the notion of tunneling probability. In the
presence of interactions between particles, the tunneling
free particle with energy " > v|k � kF | may spend the
extra energy on the creation of a particle-hole pair on the
branch of left-movers and land on the mass shell ⇠(k) =
v(k � kF ) for the right-moving particles. This process is
depicted in Fig. 3a. Similarly, the tunneling of a particle
at energy �" > v|k � kF | out of the system creates a
right-moving hole and left-moving particle-hole pair. To
summarize, in this perturbative picture tunneling of a
particle into (out of) the system creates three excitations:
a right-moving particle (hole) and a particle-hole pair on
the opposite branch.

LL gives 
power-law 
threshold

singularities

CFT predictions for μ± are wrong !



PT in Sirr[Φ] fails.Why does this happen?

Can be understood already for free lattice fermions:

Close to kF:

LL result infrared singularity

Bad news: must sum PT to all orders, singularities don’t simply 
exponentiate.

There is a neat trick for doing this .... Pustilnik, Khodas, Kamenev 
&Glazman ’06



Bethe Ansatz gives full spectrum of our lattice model: 11

FIG. 4 (Color online) Spectral function A(k, ") for interact-
ing fermions, with notations for the edge exponents. The
configurations determining the edge exponents µ0,� and µ1,+

are indicated. In the weakly interacting case, the edge of
support "th(k) at |k| < k

F

coincides with the mass shell
⇠(k), see Eq. (2). In the noninteracting case, the spec-
tral function A(k, ") is a delta-function at the mass shell,
A0(k, ") = �["� ⇠(k)].

In the absence of interactions, A(k, ") = �[" � ⇠(k)], be-
cause a particle or hole with momentum k can only be
absorbed if its energy is on the mass shell ⇠(k). In an
interacting system, on the other hand, the spectral func-
tion will generally become nonzero even away from the
mass shell ⇠(k), because incoming particles or holes may
give up part of their energy and momentum to excite
additional particle-hole pairs.

For |k| < kF and " < 0, the edge of support of A(k, ")
coincides with the fermion mass shell. In this case, the
calculation of the edge singularity is very analogous to
the previous section. If a particle with momentum k and
energy " ⇡ ⇠(k) is extracted from the system, it leaves
behind a hole with momentum near k on mass shell, as
well as low-energy particle-hole pairs near either of the
Fermi points. Therefore, it is again su�cient to retain
narrow bands of widths k

0

⌧ |k| around k and ±kF ,
and project the fermion operator as in Eq. (17). The
remaining calculations closely follow Sec. II.A.1.

The spectral function in the vicinity of ⇠(k) < 0 can
be calculated as

A(k, ") /
Z

dtdxe�i"t
⌦

d†(x, t)d(0, 0)
↵

H0+H
d

+H
int

/ ✓[⇠(k)� "][⇠(k)� "]�µ0,� . (33)

The exponent to lowest order in the interaction strength
reads

µ
0,� = 1�

✓

��
2⇡

◆

2

�
✓

�
+

2⇡

◆

2

. (34)

The phase shifts �± are defined in Eq. (25). For k !
kF , the phase shift �

+

vanishes linearly for interaction
potentials decaying faster than 1/x2 in real space. On the
other hand, �� at k ! kF remains finite, �� = �(V

2k
F

�

V
0

)/(2vF ). Therefore, in the limit k ! kF , the exponent
µ
0,� coincides with the Luttinger model prediction for

weak interactions (Luther and Peschel, 1974).
Note that to lowest order the exponent is quadratic in

the interaction potential Vk, which is in contrast to the
result (28) for the DSF. Moreover, the interactions of the
impurity with left-movers and right-movers are equally
important.
Outside the regime " < 0 and |k| < kF , the edge of

support of the spectral function no longer coincides with
the mass shell, but it is still determined by kinematic
considerations: the injection of a particle or hole and the
ensuing creation of particle-hole pairs due to the interac-
tions must respect momentum and energy conservation.
For weak interactions, the edge of support can be de-
termined quantitatively by using the Lehmann spectral
representation (Abrikosov et al., 1963). Let us focus on
the particle sector (" > 0) and the momentum range
kF < k < 3kF , where

A(k, ") =
X

|fi

|hf | †
k|0i|2�k�P

f

,0�("� Ef ). (35)

The initial state |0i corresponds to the ground state of
the system and the sum runs over a complete basis {|fi}
of the Fock space. The energies and momenta of the final
states are denoted by Ef and Pf , respectively. In the
absence of interactions, the ground state |0i is the filled
Fermi sea and the only final state with nonzero overlap
is |fi =  †

k|0i. This immediately leads to A(k, ") =
�["� ⇠(k)].
In an interacting system, on the other hand, the ground

state |0i, written in the basis generated by the operators
 k and  †

k, may contain particle-hole pairs. Therefore,
a nonzero overlap can also be achieved for final states
which contain additional excitations. The simplest set of
such final states is

|fi =  †
k1
 †

k2
 k3 |0i, (36)

and it can be parametrized by the momenta k
1

, k
2

, k
3

.
The edge of support of A(k, ") can be determined by
enforcing momentum and energy conservation and find-
ing the configuration with lowest excitation energy Ef .
Within perturbation theory, the energy Ef is determined
using the noninteracting Hamiltonian. The result for the
particle sector (" > 0) at k > kF is k

1

= k
2

= kF and
k
3

= 2kF�k, i.e., at the edge of support the entire energy
is carried by a single hole with momentum 2kF � k. The
energy of this configuration and thus the edge of support
of A(k, ") is given by

�⇠(2kF � k) = vF (k � kF )� (k � kF )2

2m
. (37)

The configuration yielding the threshold (37) remains the
lowest energy state with total momentum kF < k < 3kF

thresholds

Kinematics: just above the threshold at mtm k only states 
with a single high energy excitation with mtm ≈k contribute

⇒ augment LL by a single “mobile impurity” with mtm ≈k
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We also define the canonical bosonic field !(x) and its dual183

"(x) by184

!(x) = #(x) + #̄(x), (11)

"(x) = #(x) ! #̄(x), (12)
which obey185

[!(x),"(x ")] = 4$ isgn(x ! x "). (13)

Bosonization of Eq. (4) then leads to the Hamiltonian186

H =
!

dx[HLL(x) + Hirr(x)]. (14)

The first term,187

HLL(x) = v

16$

"
K(%x")2 + 1

K
(%x!)2

#
, (15)

is the Luttinger model. The velocity v and the Luttinger188

parameter K are given to first order in V by v # v" and K #189

1 ! V
$ t

sin kF . The bosonic fields describe the collective low-190

energy density mode of the quantum fluid. The uniform part191

of the density operator is related to !(x) by the bosonization192

relation193

Q(x) = R†(x)R(x) + L†(x)L(x) $ ! 1

$
%

8
%x!(x). (16)

The total charge operator is given by the integral194

q =
! +&

!&
dx Q(x). (17)

Thus, an elementary excitation with charge q = 1 corresponds195

to a kink of amplitude $
%

8 in the bosonic field !(x). As is196

well known, the model in Eq. (15) correctly captures the long-197

distance asymptotic decay of correlation functions for any 1D198

system in the Luttinger liquid universality class [25–27].199

The limitations of Luttinger liquid theory appear when200

one considers dynamical response functions at small but201

finite frequency and momentum. At finite energy scales, it202

becomes necessary to take the irrelevant perturbations Hirr to203

the Luttinger model into account. At weak coupling and in the204

absence of particle-hole symmetry (i.e., away from half-filling205

in the lattice model), the leading corrections in Eq. (4) are the206

dimension-three operators207

Hirr = ! 1
2m̃

$
R†%2

xR + L†%2
xL

%

+ g3(R†RL†i%xL ! L†LR†i%xR + H.c.). (18)

Here, we have introduced m̃!1 # m!1 + V a2
0

$
sin 2kF , with208

m!1 = 2ta2
0 cos kF the inverse free fermion mass, and g3 #209

V a2
0 sin 2kF . Bosonizing these irrelevant terms we obtain cubic210

boson-boson interactions211

Hirr = &+
3 %x![(%x!)2 + (%x")2]

+ &!
3 %x![(%x!)2 ! (%x")2], (19)

with &+
3 # ! 1

48
%

2$
( 1
m

+ g3
$

) and &!
3 # 1

96
%

2$
( 1
m

! 2g3
$

). While212

the bosonic representation allows one to take the marginal213

interaction g into account exactly, perturbation theory in214

the nonlinear boson interactions (19) suffers from infrared215

divergences [34,46]. The latter are associated with the huge 216

degeneracy of states in the linear dispersion approximation: 217

all states with an arbitrary number of bosons moving in 218

the same direction carrying the same total momentum are 219

degenerate [34,46]. 220

A way to circumvent these difficulties in analyzing the non- 221

linear bosonic theory is suggested by reverting to the fermionic 222

representation (18). At the free fermion point, the irrelevant 223

interaction vanishes, g3 = 0, and one is left with the quadratic 224

dispersion term with effective mass m. Taking the nonlinear 225

dispersion into account in the free fermion model removes 226

the degeneracy of particle-hole pairs that carry the same total 227

momentum. One can then approach the problem from free 228

fermions with nonlinear dispersion and include interactions 229

perturbatively [28]. This approach reveals that the most 230

pronounced effect of the interactions is to give rise to power- 231

law singularities at the edges of the excitation spectrum. While 232

a complete analytical solution of model (4) taking into account 233

both band curvature and interaction is highly nontrivial, the 234

edge singularities can be described by an effective impurity 235

model in analogy with the x-ray edge problem [28,60]. 236

Consider, for instance, the single-fermion spectral function 237

A(',k) = ! 1
$

Im Gret(',k), (20)

where 238

Gret(',k) = !i

! &

0
dt ei't

&

l

e!ikla0'(0|{cj+l(t),c
†
j }|(0(

(21)

is the retarded Green’s function, with |(0( the exact ground 239

state. We can separate the negative- and positive-frequency 240

parts of the spectral function: 241

A(',k) = A<(',k) + A>(',k). (22)

The Lehmann representation reads 242

A<(',k) = 2$
&

n

|'(n|ck|(0(|2)(' + En ! E0), (23)

A>(',k) = 2$
&

n

|'(n|c†k|(0(|2)(' ! En + E0), (24)

where ck annihilates a fermion with momentum k and |(n( 243

denotes an exact eigenstate of the Hamiltonian with energy 244

En. Let us focus on the negative-frequency part for k < kF . 245

For free fermions, we have A(0)
< (',k) = )(' ! *0(k)), where 246

*0(k) < 0 is the energy of the particle annihilated below the 247

Fermi surface. When weak interactions are turned on, the 248

renormalized fermion dispersion *(k) becomes a threshold of 249

the support of A<(',k), such that a power-law singularity 250

develops for ' < *(k). To describe the edge singularity for 251

fixed k < kF , we go back to the mode expansion in Eq. (3) and 252

generalize it to include three patches of momentum: 253

cj ) %
a0[eikF xr(x) + e!ikF x l(x) + eikx+ †(x)], (25)

Here the “impurity field” + †(x) creates a hole in a state with 254

momentum close to k, within a subband of width , * kF ! k. 255

The low-energy Fermi fields r(x) and l(x) are also defined 256

with a cutoff of order ,. In the case q = kF ! k * kF , the 257

field l(x) can be regarded as the projection of L(x) into 258

005100-3

C. Mobile impurity models



impurity fieldLLlattice

Impurity has the same quantum numbers as cj (smallΔ, Bethe 

Ansatz)

Project onto LL & impurity degrees of freedom:
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a narrower subband, while R(x) is split into two separate259

subbands corresponding to the low-energy mode r(x) and the260

“high-energy” mode ! (x). Restricting the energy window to261

the vicinity of the threshold with a single impurity, we now262

have to calculate the propagator of ! (x):263

Gret,<(",k) ! "i

! #

0
dt ei"t

! #

"#
dx$#0|! (0,0)! †(t,x)|#0%.

(26)

At weak coupling, i.e., as long as the four-fermion in-264

teraction strength V is small, we can substitute Eq. (25)265

into Eq. (2) and bosonize the low-energy fields to derive an266

effective Hamiltonian for the single hole coupled to low-energy267

collective modes. The result is the mobile impurity model [38]268

Himp =
!

dx

"
v

16$

#
K(%x&)2 + 1

K
(%x')2

$

+! †(( " iu%x)! + ! †! [f (q)%x) + f̄ (q)%x )̄]
%
,

(27)

where ( & "*(k) > 0 is the energy of the “deep hole”269

excitation, u = d*
dk

is the velocity obtained by linearizing the270

dispersion around the center of the impurity subband, and f (q)271

and f̄ (q) are momentum-dependent impurity-boson couplings272

of order V . The calculation of the Green’s function in Eq. (21)273

is made possible by performing a unitary transformation that274

decouples the impurity from the low-energy modes:275

U = e"i
& #
"# dx [+ )(x)++̄ )̄(x)]! †(x)! (x). (28)

The bosonic fields transform as276

)'(x) = U)(x)U † = )(x) " 2$+C(x),
(29)

)'(x) = U )̄(x)U † = )(x) + 2$+̄C(x),

where277

C(x) =
! #

"#
dy sgn(x " y)! †(y)! (y). (30)

The transformed impurity field is278

d(x) = U! (x)U †

= ! (x)ei[+ )(x)++̄ )̄(x)]e"i$(+ 2"+̄ 2)C(x). (31)

Note that the impurity density is invariant under the unitary279

transformation, i.e., ! †(x)! (x) = d†(x)d(x).280

We choose the parameters + ,+̄ as the solution of281

'
f
f̄

(
=

'
v+ " u v"
"v" "v+ " u

('
+
+̄

(
, (32)

where282

v± = v

2

'
K ± 1

K

(
. (33)

With this choice, the Hamiltonian becomes noninteracting:283

Himp =
!

dx

"
v

16$

#
K(%x&

')2 + 1
K

(%x'
')2

$

+ d†(( " iu%x)d + · · ·
%
, (34)

where . . . stands for irrelevant operators, which are neglected 284

in the impurity model (since they only introduce subleading 285

corrections to edge singularities). On the other hand, the 286

expression in Eq. (26) now becomes 287

Gret,<(",k) ! "i

! +#

0
dt ei"t

! #

"#
dx$d (0,0)d†(t,x)%0

($F (0,0)F †(t,x)%0, (35)

where $ %0 denotes the expectation value in the noninteracting 288

ground state |#̃0% = U |#0% and F (x) is the string operator 289

F (x) = ei[+ )'(x)++̄ )̄'(x)]. (36)

The correlation function in Eq. (35) can then be calculated 290

by standard methods [54]. The important point is that the 291

scaling dimension of the operator F (x) changes continuously 292

as a function of + ,+̄ . As a result, the effective impurity model 293

predicts a power-law singularity in the spectral function, 294

A<(",k) ) , (*(k) " ")|*(k) " "|"1+2(+ 2++̄ 2). (37)

Importantly, the impurity mode ! (x) in Eq. (27) carries 295

charge q = 1 because it is defined from the original fermion 296

cj at the noninteracting point. This is the particle that can 297

be identified with an elementary excitation in the Bethe 298

ansatz solution for the integrable model. From the exact S 299

matrix it is known that interactions between these elementary 300

excitations increases as V increases. Particularly at the SU(2) 301

point, V = 2, the elementary excitations are rather strongly 302

interacting. By contrast, the transformed impurity operator 303

d(x) = ! (x)F (x) carries a fractional charge that depends on 304

the interaction strength, since the string F (x) in general does 305

not commute with the charge operator in Eq. (17). 306

In the low-energy limit, an alternative approach to obtain 307

the edge singularity in the spectral function was put forward in 308

Ref. [44]. In this approach, one starts by introducing fermionic 309

quasiparticles that are asymptotically free at low energies. In 310

our notation, the idea is to define chiral bosons -,-̄ by 311

'(x) =
*

K(- + -̄), (38)

&(x) = 1*
K

(- " -̄). (39)

In terms of these, the Luttinger model (15) reads 312

HLL(x) = v

8$
[(%x-)2 + (%x -̄)2]. (40)

The quasiparticles R̃(x) and L̃(x) are defined by 313

R̃(x) = .*
2$

e
" i*

2
-(x)

, (41)

L̃(x) = .̄*
2$

e
i*
2
-̄(x)

. (42)

The commutator with the charge operator yields 314

[q,R̃†(x)] =
*

KR̃†(x), [q,L̃†(x)] =
*

KL̃†(x). (43)

Thus the quasiparticles carry charge
*

K . On the other 315

hand, this refermionization procedure removes the marginal 316

interaction between the quasiparticles since the chiral modes 317

are decoupled in Eq. (40) [29,44]. The leading interaction is 318

then represented by the irrelevant operator g3 in Eq. (18), which 319

005100-4

Close to the threshold (at ω<0) we have



The mobile impurity model is solved by a unitary transformation:
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a narrower subband, while R(x) is split into two separate259

subbands corresponding to the low-energy mode r(x) and the260

“high-energy” mode ! (x). Restricting the energy window to261

the vicinity of the threshold with a single impurity, we now262

have to calculate the propagator of ! (x):263

Gret,<(",k) ! "i

! #

0
dt ei"t

! #

"#
dx$#0|! (0,0)! †(t,x)|#0%.

(26)

At weak coupling, i.e., as long as the four-fermion in-264

teraction strength V is small, we can substitute Eq. (25)265

into Eq. (2) and bosonize the low-energy fields to derive an266

effective Hamiltonian for the single hole coupled to low-energy267

collective modes. The result is the mobile impurity model [38]268

Himp =
!

dx

"
v

16$

#
K(%x&)2 + 1

K
(%x')2

$

+! †(( " iu%x)! + ! †! [f (q)%x) + f̄ (q)%x )̄]
%
,

(27)

where ( & "*(k) > 0 is the energy of the “deep hole”269

excitation, u = d*
dk

is the velocity obtained by linearizing the270

dispersion around the center of the impurity subband, and f (q)271

and f̄ (q) are momentum-dependent impurity-boson couplings272

of order V . The calculation of the Green’s function in Eq. (21)273

is made possible by performing a unitary transformation that274

decouples the impurity from the low-energy modes:275

U = e"i
& #
"# dx [+ )(x)++̄ )̄(x)]! †(x)!(x). (28)

The bosonic fields transform as276

)'(x) = U)(x)U † = )(x) " 2$+C(x),
(29)

)'(x) = U )̄(x)U † = )(x) + 2$+̄C(x),

where277

C(x) =
! #

"#
dy sgn(x " y)! †(y)! (y). (30)

The transformed impurity field is278

d(x) = U! (x)U †

= ! (x)ei[+ )(x)++̄ )̄(x)]e"i$(+ 2"+̄ 2)C(x). (31)

Note that the impurity density is invariant under the unitary279

transformation, i.e., ! †(x)! (x) = d†(x)d(x).280

We choose the parameters + ,+̄ as the solution of281

'
f
f̄

(
=

'
v+ " u v"
"v" "v+ " u

('
+
+̄

(
, (32)

where282

v± = v

2

'
K ± 1

K

(
. (33)

With this choice, the Hamiltonian becomes noninteracting:283

Himp =
!

dx

"
v

16$

#
K(%x&

')2 + 1
K

(%x'
')2

$

+ d†(( " iu%x)d + · · ·
%
, (34)

where . . . stands for irrelevant operators, which are neglected 284

in the impurity model (since they only introduce subleading 285

corrections to edge singularities). On the other hand, the 286

expression in Eq. (26) now becomes 287

Gret,<(",k) ! "i

! +#

0
dt ei"t

! #

"#
dx$d (0,0)d†(t,x)%0

($F (0,0)F †(t,x)%0, (35)

where $ %0 denotes the expectation value in the noninteracting 288

ground state |#̃0% = U |#0% and F (x) is the string operator 289

F (x) = ei[+ )'(x)++̄ )̄'(x)]. (36)

The correlation function in Eq. (35) can then be calculated 290

by standard methods [54]. The important point is that the 291

scaling dimension of the operator F (x) changes continuously 292

as a function of + ,+̄ . As a result, the effective impurity model 293

predicts a power-law singularity in the spectral function, 294

A<(",k) ) , (*(k) " ")|*(k) " "|"1+2(+ 2++̄ 2). (37)

Importantly, the impurity mode ! (x) in Eq. (27) carries 295

charge q = 1 because it is defined from the original fermion 296

cj at the noninteracting point. This is the particle that can 297

be identified with an elementary excitation in the Bethe 298

ansatz solution for the integrable model. From the exact S 299

matrix it is known that interactions between these elementary 300

excitations increases as V increases. Particularly at the SU(2) 301

point, V = 2, the elementary excitations are rather strongly 302

interacting. By contrast, the transformed impurity operator 303

d(x) = ! (x)F (x) carries a fractional charge that depends on 304

the interaction strength, since the string F (x) in general does 305

not commute with the charge operator in Eq. (17). 306

In the low-energy limit, an alternative approach to obtain 307

the edge singularity in the spectral function was put forward in 308

Ref. [44]. In this approach, one starts by introducing fermionic 309

quasiparticles that are asymptotically free at low energies. In 310

our notation, the idea is to define chiral bosons -,-̄ by 311

'(x) =
*

K(- + -̄), (38)

&(x) = 1*
K

(- " -̄). (39)

In terms of these, the Luttinger model (15) reads 312

HLL(x) = v

8$
[(%x-)2 + (%x -̄)2]. (40)

The quasiparticles R̃(x) and L̃(x) are defined by 313

R̃(x) = .*
2$

e
" i*

2
-(x)

, (41)

L̃(x) = .̄*
2$

e
i*
2
-̄(x)

. (42)

The commutator with the charge operator yields 314

[q,R̃†(x)] =
*

KR̃†(x), [q,L̃†(x)] =
*

KL̃†(x). (43)

Thus the quasiparticles carry charge
*

K . On the other 315

hand, this refermionization procedure removes the marginal 316

interaction between the quasiparticles since the chiral modes 317

are decoupled in Eq. (40) [29,44]. The leading interaction is 318

then represented by the irrelevant operator g3 in Eq. (18), which 319

005100-4

impurity decouples in new basis!
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a narrower subband, while R(x) is split into two separate259

subbands corresponding to the low-energy mode r(x) and the260

“high-energy” mode ! (x). Restricting the energy window to261

the vicinity of the threshold with a single impurity, we now262

have to calculate the propagator of ! (x):263

Gret,<(",k) ! "i

! #

0
dt ei"t

! #

"#
dx$#0|! (0,0)! †(t,x)|#0%.

(26)

At weak coupling, i.e., as long as the four-fermion in-264

teraction strength V is small, we can substitute Eq. (25)265

into Eq. (2) and bosonize the low-energy fields to derive an266

effective Hamiltonian for the single hole coupled to low-energy267

collective modes. The result is the mobile impurity model [38]268

Himp =
!

dx

"
v

16$

#
K(%x&)2 + 1

K
(%x')2

$

+! †(( " iu%x)! + ! †! [f (q)%x) + f̄ (q)%x )̄]
%
,

(27)

where ( & "*(k) > 0 is the energy of the “deep hole”269

excitation, u = d*
dk

is the velocity obtained by linearizing the270

dispersion around the center of the impurity subband, and f (q)271

and f̄ (q) are momentum-dependent impurity-boson couplings272

of order V . The calculation of the Green’s function in Eq. (21)273

is made possible by performing a unitary transformation that274

decouples the impurity from the low-energy modes:275

U = e"i
& #
"# dx [+ )(x)++̄ )̄(x)]! †(x)!(x). (28)

The bosonic fields transform as276

)'(x) = U)(x)U † = )(x) " 2$+C(x),
(29)

)'(x) = U )̄(x)U † = )(x) + 2$+̄C(x),

where277

C(x) =
! #

"#
dy sgn(x " y)! †(y)! (y). (30)

The transformed impurity field is278

d(x) = U! (x)U †

= ! (x)ei[+ )(x)++̄ )̄(x)]e"i$(+ 2"+̄ 2)C(x). (31)

Note that the impurity density is invariant under the unitary279

transformation, i.e., ! †(x)! (x) = d†(x)d(x).280

We choose the parameters + ,+̄ as the solution of281

'
f
f̄

(
=

'
v+ " u v"
"v" "v+ " u

('
+
+̄

(
, (32)

where282

v± = v

2

'
K ± 1

K

(
. (33)

With this choice, the Hamiltonian becomes noninteracting:283

Himp =
!

dx

"
v

16$

#
K(%x&

')2 + 1
K

(%x'
')2

$

+ d†(( " iu%x)d + · · ·
%
, (34)

where . . . stands for irrelevant operators, which are neglected 284

in the impurity model (since they only introduce subleading 285

corrections to edge singularities). On the other hand, the 286

expression in Eq. (26) now becomes 287

Gret,<(",k) ! "i

! +#

0
dt ei"t

! #

"#
dx$d (0,0)d†(t,x)%0

($F (0,0)F †(t,x)%0, (35)

where $ %0 denotes the expectation value in the noninteracting 288

ground state |#̃0% = U |#0% and F (x) is the string operator 289

F (x) = ei[+ )'(x)++̄ )̄'(x)]. (36)

The correlation function in Eq. (35) can then be calculated 290

by standard methods [54]. The important point is that the 291

scaling dimension of the operator F (x) changes continuously 292

as a function of + ,+̄ . As a result, the effective impurity model 293

predicts a power-law singularity in the spectral function, 294

A<(",k) ) , (*(k) " ")|*(k) " "|"1+2(+ 2++̄ 2). (37)

Importantly, the impurity mode ! (x) in Eq. (27) carries 295

charge q = 1 because it is defined from the original fermion 296

cj at the noninteracting point. This is the particle that can 297

be identified with an elementary excitation in the Bethe 298

ansatz solution for the integrable model. From the exact S 299

matrix it is known that interactions between these elementary 300

excitations increases as V increases. Particularly at the SU(2) 301

point, V = 2, the elementary excitations are rather strongly 302

interacting. By contrast, the transformed impurity operator 303

d(x) = ! (x)F (x) carries a fractional charge that depends on 304

the interaction strength, since the string F (x) in general does 305

not commute with the charge operator in Eq. (17). 306

In the low-energy limit, an alternative approach to obtain 307

the edge singularity in the spectral function was put forward in 308

Ref. [44]. In this approach, one starts by introducing fermionic 309

quasiparticles that are asymptotically free at low energies. In 310

our notation, the idea is to define chiral bosons -,-̄ by 311

'(x) =
*

K(- + -̄), (38)

&(x) = 1*
K

(- " -̄). (39)

In terms of these, the Luttinger model (15) reads 312

HLL(x) = v

8$
[(%x-)2 + (%x -̄)2]. (40)

The quasiparticles R̃(x) and L̃(x) are defined by 313

R̃(x) = .*
2$

e
" i*

2
-(x)

, (41)

L̃(x) = .̄*
2$

e
i*
2
-̄(x)

. (42)

The commutator with the charge operator yields 314

[q,R̃†(x)] =
*

KR̃†(x), [q,L̃†(x)] =
*

KL̃†(x). (43)

Thus the quasiparticles carry charge
*

K . On the other 315

hand, this refermionization procedure removes the marginal 316

interaction between the quasiparticles since the chiral modes 317

are decoupled in Eq. (40) [29,44]. The leading interaction is 318

then represented by the irrelevant operator g3 in Eq. (18), which 319
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Threshold singularity at ω<0: 



How to fix      ???

1. Use Bethe Ansatz to calculate finite-size spectrum of lattice 
Hamiltonian in presence of a single high-energy excitation.
2. Calculate finite-size spectrum of the mobile impurity model
using mode expansion.
3. Equate the two results ⇒ exact threshold exponent μ(k).

Pereira, Affleck & White ’09

Kitanine et al ’12
confirmed by direct 
BA calculation



D. Mobile impurity models & spin/charge separation
spinful fermions: Hubbard model

large distances
low energies



Single-particle spectral function:

Probes all excitations with quantum numbers S=1/2, Q=±e

Bethe Ansatz: excitations at all energies composed of holons 
(Q=±e, S=0), spinons (Q=0, S=±1/2) (and their bound states).

cf Essler&Korepin ’94



/-/ 0-//2 //2
Phs

0

1

2

E h
s

u=1

n=0.5

threshold
corresponds to a high-energy 
spinon + low-energy holon

Kinematics: just above the threshold only states with a 
single high energy excitation contribute

⇒ single mobile spinon impurity!



 The main difficulty

Projection onto low-energy and impurity d.o.f. now is

known ???
Schmidt, Imambekov 

&Glazman ’10

Scheme, in which the impurity is weakly interacting and has 
fractional quantum numbers "  at variance with Bethe Ansatz

Essler, Pereira 
&Schneider ’15☞



E. Field Theory in terms of holons/spinons
bosonized formulation

Refermionize in terms of fields carrying only spin/charge:

in the Hubbard model these fermions are strongly interacting

cf Coleman ’75

massive Thirring



Projection of lattice fermion operators:

U(1) charges

fractional JW strings

Can add interactions in lattice model to make spin/charge 
fermions weakly interacting (break SU(2)!!!)



“high-energy”
 spinon impurity

low energy
spinons

Bosonize low-energy fermions

Mobile impurity model:

F. Mobile impurity model



Projection onto low-energy and impurity d.o.f. becomes

Conjecture: for strongly interacting spin/charge fermions the
same expressions apply, only the parameters need to be adjusted.

Finally

• remove interaction by unitary transformation
• fix parameters of impurity model by comparing FS spectrum
  to Bethe Ansatz calculation

⇒ exact results for threshold exponents
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⇢ U k �!1 �!2 �!3 µc
0,� µs

0,�

1/4 5 0 0.387 1.15 1.15 0.373 0.855

1/4 5 ⇡/8 0.277 0.661 1.46 0.392 0.782

1/4 10 0 0.245 0.245 1.27 0.378 0.732

1/4 10 ⇡/8 0.178 0.713 1.62 0.388 0.660

1/6 5 0 0.165 0.564 0.564 0.325 0.851

1/6 5 ⇡/8 0.0631 0.173 0.745 0.237 0.632

1/6 10 0 0.101 0.644 0.644 0.353 0.710

1/6 10 ⇡/8 0.0384 0.195 0.856 0.354 0.545

TABLE I. Values for the parameters of the power-law decay
function (18), calculated from the Bethe Ansatz and mobility
impurity model.

threshold singularities at frequencies

!1 = Ehs(Q,⇤h) , Phs(Q,⇤h) = k,

!2 = Ehs(k
h,�1) , Phs(k

h,�1) = k,

!3 = Ehs(k
h,�1) , Phs(k

h,�1) = �k. (17)

Assuming that the singular features in the spectral func-
tion give the dominant behaviour of the retarded Green’s
function at late times, we conclude that the latter should
be (approximately) of the form

G(t, k) ⇠
X

↵

A
↵

ei!↵t+�↵t��↵ , (18)

where the threshold exponents �
↵

are related �
↵

= µ
c/s

0,�+1
to the exponents calculated with the mobile impurity
method. All parameters are a function of momentum k.
Here A

↵

are complex amplitudes and �
↵

are real phases. It
is currently not known how to determine them a priori,
see however Refs. [41]. Table I gives explicit values for
the frequencies !

↵

and exponents µ
↵

, to be compared
with TEBD results.

V. COMPARISON WITH NUMERICAL
RESULTS

The formula (18) for G(t, k) has too many free pa-
rameters to reliably fit the numerical data from TEBD
simulations, obtained through a Fourier transform of the
(hole) Green’s function (4). Therefore, we fix the thresh-
old frequencies !

↵

and the exponents �
↵

to the values
calculated with the mobile impurity approach, leaving
the momentum-dependent amplitudes and phases as the
only free parameters. We fit the imaginary part of G(t, k)
to the ansatz but the procedure holds equally well with
the real part. The data used for the fitting procedure are
not extended in time with linear prediction. The time
evolution of the Green’s function is illustrated for ⇢ = 1/4
in Fig. 4 for U = 5 and U = 10, both at k = 0 and
k = ⇡/8. The initial time of the fit is adjusted in each
case in order to avoid non-universal behaviour at short
times. For later times, the decay of G(t, k) is very well

reproduced by the fitting ansatz (18). The good quality
of the fits to the numerical data is the main result of our
paper, which validates the mobile impurity approach. As
the momenta approaches k

F

, the quality of the fit worsens
slightly. One can understand this, since the frequency at
which the first singularity develops approaches ! ! 0,
which is more di�cult to capture with a TEBD approach,
inherently limited to a given finite time.

The same behaviour is essentially observed for ⇢ = 1/6
in Fig. 5. The relaxation to a universal behavior is slower
for ⇢ = 1/6, which agrees with the poorer resolution in
frequency space observed in Fig. 1. Table II gives explicit
values for the obtained fitting paramaters A

↵

and �
↵

for
the range of parameters studied here.
As the fitting approach nicely reproduces the long-

time behavior, we can use it instead of linear prediction
to extend the raw TEBD data to longer times. In the
combined TEBD+BA approach we extrapolate the real-
time data by orders of magnitude using the ansatz (18)
with parameters taken from the analytical approach and
the fitting procedure outlined above. Such a combined
method dramatically increases the frequency resolution
of the resulting spectral function with clearly defined
singularity peaks, as show in Fig. 6, for the case of ⇢ = 1/4
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FIG. 4. (Color online) Time decay of the imaginary part of
the Green’s function G(t, k) for filling ⇢ = 1/4. Symbols are
numerical TEBD data and red lines are fits to the power-law
decay of the form of (18).
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Translate results for threshold singularities to time domain

exact results

t-DMRG results

Seabra et al ’14

use as fit 
parameters

G. Numerical tests



Our construction raises an interesting question:

Is there a lattice model of strongly interacting electrons, that
maps exactly to free fermionic spinons and holons?

H. Luther-Emery point for charge and spin

RG analysis of vicinity of LE point is quite interesting.



Summary

• CFT fails to describe dynamical properties of lattice models 
even at low energies.
• Nice method to augment CFT by “mobile impurity” d.o.f. to 
calculate dynamical properties at finite frequencies.
• Spin-charge separated case is difficult, but can be handled.
• MIM mapping works for any two point function of local 
operators.
• MIMs not always easy to solve.
• Construct lattice model of free fermionic holons and spinons!


